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Measurement backaction inherently alters observed dynamics in quantum physics. In the realm
of quantum synchronization, this backaction induces a phase bias, making the assessment of syn-
chronization critically dependent on the choice of the observables. In this study, we extend the
quantum phase reduction approach [PhysRevLett.132.093602] into heterodyne detection, offering
a comprehensive theoretical framework for analyzing quantum synchronization dynamics through
uniform continuous measurement over all possible quadrature observables. This method averages
out the backaction, allowing for unbiased evaluation of synchronization between quantum oscillators
while avoiding measurement-induced phase bias. Furthermore, by defining the phase and limit-cycle
solution independently of specific observables, our proposed method consistently adapts to the sce-
nario where the observables are freely modified during the time evolution. Through simulations
of noise-induced synchronization, our method reveals that the number of phase clusters between
oscillators is restricted by their bosonic levels.

I. INTRODUCTION

Synchronization, the alignment of an internal rhythm
with external perturbations, is ubiquitous in nature, seen
in firing neurons, oscillating laser beams, and Joseph-
son junctions [1–4]. With the recent advancements in
quantum technology, nanoscale oscillators have become
a subject of study, encompassing superconducting cir-
cuits [5, 6], optomechanical oscillators [7, 8], atomic sys-
tems [9, 10], and quantum thermal machines [11–14].
The study of synchronization in nanoscale systems of-
fers significant promise for advancing quantum technolo-
gies such as quantum metrology, communication, cryp-
tography, and clock [15–18]. For instance, investiga-
tions into quantum clocks have demonstrated that the
continuously monitored coupled quantum oscillators can
yield more precise temporal information than classical
clocks [18]. Thus, investigating synchronization within
the quantum regime presents substantial technological
possibilities. Regarding this issue, the quantum mod-
els of limit-cycle oscillators (i.e., nonlinear systems ex-
hibiting self-sustained oscillation) are proposed, includ-
ing qubit and spin oscillators [19, 20] and quantum van
der Pol oscillators [21, 22]. Additionally, experimental
research has shown evidence of quantum synchronization
in limit-cycle oscillators in laboratory conditions [23–25].

Phase reduction is a standard theoretical scheme for
studying synchronization dynamics, reducing weakly per-
turbed multi-dimensional limit-cycle dynamics to one-
dimensional phase dynamics [1, 2]. Using Lie algebra, we
introduced phase reduction method to quantum systems,
providing a comprehensive framework for analyzing syn-
chronization of quantum limit-cycle oscillators [26]. In
a continuous measurement scheme of their coupled envi-
ronment, quantum trajectories of these oscillators come
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to follow a stochastic Schrödinger equation [27–29]. Pro-
vided that the disturbance of quantum noise is weak,
these trajectories fluctuate around a limit-cycle solution.
Based on the Lie algebraic framework, we calculated the
phase response curves to weak perturbations represented
by unitary transformations. Thus, a quantum phase
equation was derived from a stochastic Schrödinger equa-
tion of a quantum limit-cycle oscillator. This approach is
versatile from classical to quantum regimes and applica-
ble to general quantum limit-cycle oscillators, including
qubits and spins, lacking classical limit-cycle analogues.
Note that the extension of phase reduction to quantum
systems was pioneered in Ref. [30], relying on a semiclas-
sical approximation, in which the quantum oscillators are
approximated by their classical counterparts in the weak
quantum regime.

Nonetheless, measurement backaction itself alters dy-
namics of quantum trajectories, resulting in the emer-
gence of a phase bias. Hence, assessment of synchroniza-
tion through a phase distribution hinges upon the choice
of quadrature observables to be continuously measured.
In fact, we reported that continuous homodyne measure-
ment of quadratures induces phase biases, even in the ab-
sence of synchronization in Ref. [26]. It is unclear which
quadratures should be chosen and measured to repre-
sentatively evaluate synchronization. Furthermore, the
quantum phase reduction approach defined the phase and
limit-cycle solution according to a stochastic Schrödinger
equation associated with fixed quadratures, leading to in-
compatibility between cases where different quadratures
are continuously monitored.

In this study, we extend the quantum phase reduction
approach to heterodyne detection, which involves con-
tinuous measurement uniform over all possible quadra-
tures. Averaging out the measurement backaction for
all quadrature angles, an unbiased quantum phase equa-
tion is derived from the stochastic Schrödinger equa-
tion based on heterodyne detection. Thus, the pro-
posed method evaluates synchronization avoiding the
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FIG. 1. Distributions of quantum states in homodyne
and heterodyne detection. (a) Heterodyne detection, where
quadratures to be continuously monitored are fixed at certain
angles, resulting in the biased distribution of quantum states
due to their measurement backaction. (b) Heterodyne detec-
tion with quadratures rotating at sufficiently high frequency,
allowing the unbiased distribution by averaging out measure-
ment backaction across all angles of quadratures.

measurement-induced phase bias. For quantum van der
Pol oscillators [21], we establish that the limit-cycle so-
lution exhibits harmonic oscillation and that the mea-
surement backaction induces no phase bias in hetero-
dyne detection. Moreover, our proposed method de-
fines the limit-cycle solution, phase, and phase response
curve independently of any specific quadratures due to
the uniform continuous measurement. By introducing
these definitions from heterodyne to homodyne detec-
tion, the phase equation equally evaluates the measure-
ment backaction for arbitrary quadratures. Therefore,
the proposed approach handles scenarios where the mea-
sured quadratures vary during the time evolution and
where quantum oscillators are continuously monitored by
different quadratures. Additionally, we demonstrate the
efficacy of our method through numerical simulations,
where uncoupled quantum oscillators subjected to com-
mon noise exhibit synchronization or yield phase clusters.
As a phenomenon not observed in classical synchroniza-
tion, we reveal that the bosonic levels of these oscillators
bound the possible number of the phase clusters between
them; this limit is computed using the phase response
curves.

II. METHODS

A. Stochastic Schrödinger equation for heterodyne
detection

In open quantum systems, quantum limit-cycle oscil-
lators are generally described by the Lindblad equation
as follows [31, 32]:

dρ

dt
= −i[H, ρ] +

K∑
k=1

D[Lk]ρ, (1)

where H is Hamiltonian operator, Lk are the jump oper-
ators and D[L]ρ is dissipator defined by D[L]ρ ≡ LρL†−

(1/2)(L†Lρ + ρL†L). However, the Lindblad equation
describes the evolution of density operators of quantum
systems, not that of the physically observable quantum
states, known as quantum trajectory [33]. Quantum tra-
jectories are the pure-state trajectories described by a
stochastic Schrödinger equation with the associated cur-
rents in the continuous measurement of the environment
to which the quantum systems are coupled. For con-
tinuous measurement, we use heterodyne detection for
the quantum phase reduction in this paper, unlike our
prior study based on homodyne detection. Figure 1 illus-
trates the difference between homodyne and heterodyne
detection. In homodyne detection, we select the angles
for continuously measuring the quadratures correspond-
ing to jump operators Lk, resulting in the measurement
backaction biased according to these angles, as depicted
in Fig. 1(a). Conversely, for heterodyne detection, the
measured quadratures are rotated at constant frequen-
cies. As the rotation reaches a sufficient frequency, the
measurement backaction is uniformly distributed over
all quadrature angles, as shown in Fig. 1(b). Before
introducing the quantum trajectory theory for hetero-
dyne detection, we revisit that of homodyne detection, as
the heterodyne stochastic Schrödinger equation is gener-
ally derived from the homodyne counterpart [34]. Two
main approaches to implementation of homodyne detec-
tion exist: detection of stochastic homodyne currents
by physical detectors [28] and continuous application of
weak Gaussian measurements [35]. Quantum trajecto-
ries have been experimentally observed in various de-
vices, such as cavities [36], superconducting circuits [37],
and mechanical resonators [38]. In homodyne detection,
the quantum trajectories obey the following stochastic
Schrödinger equation in the Stratonovich form [27–29]:

d |ψ⟩ =
[
− iH +

K∑
k=1

−1

2
(XkLk − ⟨XkLk⟩)

+ ⟨Xk⟩ (Lk − ⟨Lk⟩)
]
|ψ⟩ dt

+

K∑
k=1

(Lk − ⟨Lk⟩) |ψ⟩ ◦ dWk, (2)

where ◦ represents the Stratonovich calculus and Xk ≡
Lk+L

†
k is the quadrature corresponding to the jump op-

erator Lk. Furthermore, ⟨O⟩ represents the expectation
value of O in the state |ψ⟩, that is, ⟨O⟩ ≡ ⟨ψ|O |ψ⟩. The
random variables dWk are Wiener increments that sat-
isfy E[dWk] = 0 and E[dWmdWn] = δmndt, where E[·]
represents the average over all possible quantum trajec-
tories. The homodyne current Jhom,k associated with the
quadrature Xk is defined as Jhom,k ≡ ⟨Xk⟩+ξk(t), where
ξk(t) ≡ dWk/dt. The average of all possible quantum
trajectories described by Eq. (2), that is, ρ = E[|ψ⟩ ⟨ψ|],
satisfies the Lindblad equation [Eq. (1)]. It is note-
worthy that a stochastic Schrödinger equation satisfy-
ing the Lindblad equation is not unique, as the quadra-
tures Xk can be measured at any angles. The rotation
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TABLE I. Correspondence between classical and Lie-algebraic quantum phase reduction methods.

Classical Quantum

Space Euclidean space Hilbert space
Differential equation (Stochastic) differential equation Stochastic Schrödinger equation
Phase response curve Gradient Lie algebra
Perturbation Vector Unitary transformation

of the selected quadratures equals U(1) transformation:
Lk → Lk exp(iλk), under which Eq. (1) remains invari-
ant, and all forms of the stochastic Schrödinger equa-
tions also satisfy Eq. (1) as well, where λk is an arbitrary
real parameter. This transformation is physically imple-
mented by rotation of the local oscillator signal [28].

To average out the measurement backaction, we con-
sider heterodyne detection in the fast rotation limit. By
rotating the local oscillators with constant frequencies
Ωk, the jump operators Lk also oscillate with such fre-
quencies as: Lk → exp(iΩkt)Lk. As the frequency Ωk

increases to infinity, the backaction is averaged over the
U(1) transformation of Lk. In the fast rotation limit, the
stochastic Schrödinger equation in heterodyne detection
is derived from Eq. (2) as follows [34]:

d |ψ⟩

=

(
−iHeff +

K∑
k=1

1

2
⟨L†

kLk⟩+ ⟨L†
k⟩ (Lk − ⟨Lk⟩)

)
|ψ⟩ dt

+
∑
k

(Lk − ⟨Lk⟩) |ψ⟩ ◦ dW̃ ∗
k , (3)

where Heff ≡ H − (i/2)
∑

k L
†
kLk is a non-Hermitian

operator, called the effective Hamiltonian, and dW̃k ≡
(1/

√
2)(dWk1 + idWk2) is the complex Wiener incre-

ment satisfying E[dW̃k] = 0, E[dW̃mdW̃n] = 0, and

E[dW̃ ∗
mdW̃n] = δm,ndt. The measured heterodyne cur-

rent is Jhet,k ≡ ⟨Lk⟩+ ξ̃k(t), where ξ̃k(t) ≡ dW̃k/dt. It is
easily shown that the heterodyne stochastic Schrödinger
equation [Eq. (3)] is independent of any specific quadra-
tures, from the fact that Eq. (3) is invariant under arbi-
trary U(1) transformation.

B. Phase reduction based on heterodyne detection

Prior to discussing the specifics of its extension to het-
erodyne detection, let us briefly revisit the concept of Lie
algebraic quantum phase reduction [26]. This method is
a general framework for quantum synchronization, reduc-
ing multi-dimensional dynamics of quantum trajectories
of the quantum limit-cycle oscillators, which fluctuate
in the vicinity of a deterministic limit-cycle solution in
the Hilbert space, into one-dimensional phase dynamics.
We separate the limit-cycle solution from the stochas-
tic Schrödinger equation and define the phase both on
and outside this limit-cycle solution. Additionally, the
phase response curves, which represent the variation of

the phase in response to sufficiently weak unitary trans-
formations, are computed using Lie algebra framework.
Based on these definitions, the one-dimensional phase
equation composed of the natural frequency of the limit-
cycle solution and the phase response curves is derived
from the stochastic Schrödinger equation. Table I shows
the correspondence between the conventional and quan-
tum phase reduction methods. Despite the difference be-
tween homodyne and heterodyne detection, the deriva-
tion process of the phase equation in this study follows
that of the prior study [26].
To begin with, we define the limit-cycle solution for

the stochastic Schrödinger equation [Eq. (3)]. As an
analog of classical cases [39–42], we propose to remove
noise terms from a stochastic Schrödinger equation in the
Stratonovich form. The resulting equation is defined as
deterministic dynamics, which converges to a limit-cycle
solution:

d |ψ⟩

=

(
−iHeff +

K∑
k=1

1

2
⟨L†

kLk⟩+ ⟨L†
k⟩ (Lk − ⟨Lk⟩)

)
|ψ⟩ dt.

(4)

Although numerous stochastic calculi exist, we define the
limit-cycle solution solely based on the Stratonovich cal-
culus, as it uniquely satisfies the norm preservation of
the limit-cycle solution and the chain rule of differen-
tiation [26]. To be defined as a physical trajectory like
quantum trajectories, the limit-cycle solution should be a
pure-state trajectory or satisfy norm preservation. Equa-
tion (4), derived based on the Stratonovich calculus, sat-

isfies d∥ |ψ⟩ ∥ = 0, where ∥ |ψ⟩ ∥ ≡
√
⟨ψ|ψ⟩, while the de-

terministic term of the stochastic Schrödinger equation
specified by any other stochastic calculus does not (see
Appendix A for details). Additionally, the phase reduc-
tion approach generally requires a coordinate transforma-
tion between a state vector (corresponding to the quan-
tum state |ψ⟩ in this study) and a phase coordinate [43].
This transformation follows the chain rule of differentia-
tion, which is uniquely satisfied in the Stratonovich cal-
culus. The state |ψ⟩ converges to the limit-cycle solution
|ψ0⟩ when Eq. (4) satisfies the following condition,

lim
t→∞

| ⟨ψ(t)|ψ(t+ T )⟩ | = 1, (5)

where T denotes the period of the limit-cycle solution.
Note that the state |ψ⟩ is physically equivalent under the
U(1) transformation: |ψ⟩ → exp (iλ) |ψ⟩.
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Next, we define the phase for the quantum states in
the Hilbert space using the limit-cycle solution |ψ0⟩. On
the limit-cycle solution, we define the phase θ to change
at constant frequency ω = 2π/T under Eq. (4). Further-
more, by employing the isochrone, the phase θ can be
defined outside of the limit-cycle solution as follows:

Θ[|ψ(t)⟩] = lim
n→∞

Θ[|ψ(t+ nT )⟩], (6)

where Θ[|ψ⟩] represents the phase of the state |ψ⟩ and
the state |ψ⟩ evolves according to Eq. (4). Because the
limit-cycle dynamics [Eq. (4)] is invariant under the U(1)
transformation: Lk → exp(iλk)Lk, we can define the
limit-cycle solution and phase regardless of any specific
quadratures, unlike in our prior study based on homo-
dyne detection.

It should be noted that the phase response curves for
quantum limit-cycle oscillators are calculated with re-
spect to Lie algebra generators, rather than the basis vec-
tors in the Euclidean space as in the conventional phase
reduction approach [1]. Arbitrary infinitesimal change
of a pure state can be described by infinitesimal unitary
transformation U , which can be decomposed into Lie al-
gebra generators by the Taylor expansion as follows:

U = exp

N2−1∑
l=1

−iglEl − ig0I


≃ I −

N2−1∑
l=1

iglEl − ig0I, (7)

where I is an identity matrix, El are Lie algebra genera-
tors of SU(N), and real coefficients gl satisfies |gl| ≪ 1.
The generators El of SU(N) are bases of traceless N×N
Hermitian operators, for example, corresponding to Pauli
matrices when N = 2 and to Gell-Mann matrices when
N = 3 (see Appendix B for details). Therefore, the phase
response curve with respect to the generator El is defined
as follows:

Zl(θ) ≡ lim
gl→0

Θ[exp(−iglEl) |ψ0(θ)⟩]−Θ[|ψ0(θ)⟩]
gl

, (8)

where |ψ0(θ)⟩ represents the state |ψ⟩ on the limit-cycle
solution |ψ0⟩ with the phase θ. Equation (8) represents
a partial differentiation of the phase θ with respect to
a unitary transformation by the generator El. In the
following, we assume that the perturbation is sufficiently
weak such that the state |ψ⟩ remains near the limit-cycle
solution |ψ0⟩ and can be approximated by |ψ0(Θ[|ψ⟩])⟩.

Although the heterodyne stochastic Schrödinger equa-
tion [Eq. (3)] is not explicitly presented as a linear equa-
tion of Hermitian operators, this equation can be decom-
posed into Lie algebra generators due to its nonlinearity,
as we show below. Generally, a pure-state dynamics is
described by a linear operator as follows:

d |ψ⟩ = −iB |ψ⟩ dt, (9)

where B is an arbitrary linear operator. Under Eq. (9),
derivative of the norm ⟨ψ|ψ⟩ is represented as follows:

d(⟨ψ|ψ⟩) = (⟨ψ|+ d ⟨ψ|)(|ψ⟩+ d |ψ⟩)− ⟨ψ|ψ⟩
= d(⟨ψ|) |ψ⟩+ ⟨ψ| d(|ψ⟩) + d(⟨ψ|)d(|ψ⟩)
= −i ⟨(B −B†)⟩ dt, (10)

where terms less than O(dt) are neglected. When B is
independent of the state |ψ⟩, the norm preservation for
arbitrary state |ψ⟩ is satisfied only if B is an Hermitian
operator as B = B†. On the other hand, when B is
dependent on the state |ψ⟩, that is, when Eq. (9) is non-
linear, the norm preservation for arbitrary state |ψ⟩ can
be satisfied even if B is not an Hermitian operator. In-
deed, the norm-preserved dynamics described by non-
Hermitian operators, such as Eqs. (3) and (4), can also
be represented by an Hermitian operator as follows:

−i [B(|ψ⟩)− ⟨B(|ψ⟩)⟩] |ψ⟩ dt = −iHB(|ψ⟩) |ψ⟩ dt, (11)

where HB is the Hermitian operator

HB(|ψ⟩) ≡ [B(|ψ⟩)− ⟨B(|ψ⟩)⟩] |ψ⟩ ⟨ψ|+H.c. (12)

This statement holds true for the Stratonovich calculus.
It should be noted that the term −i ⟨B⟩ |ψ⟩ dt, the differ-
ence between Eqs. (9) and (11), can be neglected since it
corresponds to U(1) transformation, which has no phys-
ical effect on the state |ψ⟩. Therefore, the heterodyne
stochastic Schrödinger equation [Eq. (3)] and Eq. (4) can
also be expressed as unitary transformations by the Her-
mitian operators HB(|ψ⟩).

To derive the phase equation from the heterodyne
stochastic Schrödinger equation [Eq. (3)], we focus on the
stochastic terms of Eq. (3), since the deterministic term
of Eq. (3) corresponds merely to the natural frequency ω
in the phase dynamics. By following the procedure out-
lined in Eqs. (9)-(12), the stochastic terms of Eq. (3) can
be represented by Hermitian operators as follows:

(Lk − ⟨Lk⟩) |ψ⟩ ◦ dW̃ ∗
k

= −iHk1(|ψ⟩) |ψ⟩ ◦ dWk1 − iHk2(|ψ⟩) |ψ⟩ ◦ dWk2, (13)

where Hk1(|ψ⟩) and Hk2(|ψ⟩) are the traceless Hermitian
operators

Hk1(|ψ⟩) ≡
i√
2
(Lk − ⟨Lk⟩) |ψ⟩ ⟨ψ|+H.c., (14)

Hk2(|ψ⟩) ≡
1√
2
(Lk − ⟨Lk⟩) |ψ⟩ ⟨ψ|+H.c. (15)

The stochastic terms of Eq. (3) are converted into the
two orthogonal terms corresponding to the measurement
backaction. The traceless Hermitian operator Hkm can
be decomposed into Lie algebra generators as Hkm =∑N2−1

l=1 gkm,lEl, where the coefficients gkm,l are defined
as gkm,l ≡ Tr[HkmEl] due to trace orthogonality of Lie
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(a) (b)

(c) (d)

FIG. 2. Phase distribution P (θ) in steady state and phase
response curve Z(θ) of quantum van der Pol oscillators in ho-
modyne and heterodyne detection. (a) and (c) Phase distribu-
tion in (a) heterodyne detection and (c) homodyne detection.
(b) and (d) phase response curve with respect to a harmonic
drive in (b) heterodyne detection and (d) homodyne detec-
tion. The gray histograms are computed from simulations
of the stochastic Schrödinger equation. The parameters are
(∆, γg, γd) =(1.0, 0.2, 1.0). The phase response curve with
respect to the harmonic drive is calculated for an Hermitian
operator i(a− a†).

algebra generators. Then, the following phase equation
is derived according to the chain rule of differentiation.

dθ

dt
= ω +

K∑
k=1

2∑
m=1

N2−1∑
l=1

Zl(θ)gkm,l(θ) ◦ ξkm(t), (16)

where gkm,l(θ) is evaluated at |ψ⟩ = |ψ0(θ)⟩ on the
limit-cycle solution. The phase equation (16) in the
Stratonovich form can be converted into an equivalent
equation in the Ito form (see Appendix C for details).

dθ

dt
= ω +

1

2

K∑
k=1

2∑
m=1

dYkm(θ)

dθ
Ykm(θ)

+

K∑
k=1

2∑
m=1

Ykm(θ)ξkm(t), (17)

where Ykm(θ) ≡
∑N2−1

l=1 Zl(θ)gkm,l(θ).
To demonstrate that the phase equation [Eq. (16)] is

unbiased and independent of specific quadratures, we
consider the case of a quantum van der Pol oscillator in
heterodyne detection as an example. The Lindblad equa-
tion of the quantum van der Pol oscillator is represented
as follows [21]:

dρ

dt
= −i[∆a†a, ρ] + γgD[a†]ρ+ γdD[a2]ρ, (18)

where ∆ is the detuning between the oscillator and the
frequency of a rotating frame, a and a† are annihilation

and creation operators, respectively, and γg and γd are
the jump rates corresponding to one-particle gain and
two-particle loss, respectively. Owing to its U(1) sym-
metry, we establish that, if it exists, the limit-cycle so-
lution of the quantum van der pol oscillators obtained
according to Eq. (4) is always harmonic oscillation; the
limit-cycle solution is not distorted at any specific angles
of the measured quadratures (see Appendix D for de-
tails). Based on this limit-cycle solution, we calculate the
phase response curves for each jump operator, by follow-
ing Eqs. (13)-(15); for both jump operators, they corre-
spond to first- and second-harmonic orthogonal trigono-
metric functions, respectively. According to Eq. (16), we
derive the phase equation corresponding to the quantum
van der Pol model as follows:

dθ

dt
= ω + v1 sin θ ◦ ξ11 + v1 cos θ ◦ ξ12

+ v2 sin 2θ ◦ ξ21 + v2 cos 2θ ◦ ξ22
= ω + vξ, (19)

where v1 and v2 are the backaction strengths correspond-
ing to one-particle gain and two-particle loss, respec-
tively, and v ≡

√
v12 + v22. The transition from the first

to the second line utilizes the relation
∑K

k=1 vkdWk =√∑K
k=1 v

2
kdW . Consequently, in the phase equation,

the averaged backaction in heterodyne detection is sim-
ple white noise and serves as constant phase diffusion,
while it induces clustering in homodyne detection (see
Appendix E for details). Figure 2 illustrates the phase
distribution in the steady state and the phase response
curve with respect to the harmonic drive both in homo-
dyne and heterodyne detection. In homodyne detection,
clustering occurs in the steady state even without exter-
nal drive in Fig. 2(a); however, no clustering is observed
in heterodyne detection, as depicted in Fig. 2(c). Fur-
thermore, while the previous method based on homodyne
detection demonstrates a distorted phase response curve
in Fig. 2(b), the proposed method for heterodyne detec-
tion shows an undistorted sinusoidal wave in Fig. 2(d).
This can be attributed to the fact that, in the proposed
method, the phase is independent of the quadratures and
symmetric against rotation.

C. Application of phase reduction based on
heterodyne detection to homodyne detection

As the definition of the phase depends on the fixed
quadratures, Lie algebraic phase reduction based on ho-
modyne detection [26] does not apply to the scenario
where the measured quadratures are modulated. To ad-
dress this issue, we apply the definition of the phase in
the proposed method for heterodyne detection, which is
independent of any quadratures, to homodyne detection.
This application does not imply the introduction of an
additional phase reduction approach specifically for ho-
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(a) (b)

FIG. 3. Phase response curves of quantum van der Pol
oscillator in homodyne detection. Phase response curves
with respect to the measurement backaction corresponding
to L1 =

√
γ1a

† (red line) and L2 =
√
γ2a

2 (blue line) for (a)
deterministic and (b) stochastic terms. The parameters are
(∆, γg, γd) =(1.0, 0.2, 1.0).

modyne detection, distinct from the one proposed in Sub-
sec. II B for heterodyne detection.

To derive the phase equation from the homodyne
stochastic Schrödinger equation [Eq. (2)] based on the
proposed method, we focus on the difference between
Eq. (2) and the limit-cycle dynamics [Eq. (4)] as follows:

d |ψ⟩ =
[ K∑
k=1

−1

2
(L2

k − ⟨L2
k⟩) + ⟨Lk⟩ (Lk − ⟨Lk⟩)

]
|ψ⟩ dt

+ (Lk − ⟨Lk⟩) |ψ⟩ ◦ dWk (20)

Because Eq (20) also satisfies the norm preservation
d∥ |ψ⟩ ∥ = 0, it can be converted into the phase equation
by following the procedure of Eqs. (9)-(12), explained
in Subsec. II B. Figure 3 illustrates the phase response
curves corresponding to the deterministic and stochastic
terms of Eq. (20) for each jump operator. It is evident
from these phase response curves that the measurement
backaction induces the phase bias in homodyne detection,
consistent with the fact revealed in Ref. [26]. Neverthe-
less, since the definition of the phase does not rely on
any quadratures, the phase response curves show wave-
form without distortion, even in homodyne detection, un-
like that of the prior approach as shown in Fig. 3(b).
Hence, the proposed method can represent the homo-
dyne measurement backaction and the phase bias induced
by it, while the phase is defined regardless of this bias.
Applying the U(1) transformation: Lk → exp(iλk)Lk

to Eq. (20), cases measuring any other quadratures can
also be considered in the same way. Thus, by employing
the definitions introduced in Subsec. II B, the proposed
method applies to arbitrary cases of homodyne detection,
including the cases where the angle, at which the quadra-
tures are measured, is controlled via feedback, or where
multiple quantum oscillators are continuously measured
with different quadratures.

III. EXAMPLES

Owing to the unbiased nature of the phase in our pro-
posed method, phase synchronization dynamics between

quantum oscillators can be analyzed without considering
measurement-induced phase clusters. To demonstrate
the effectiveness of our proposed method, we conduct nu-
merical simulations wherein synchronization occurs be-
tween two uncoupled quantum oscillators subjected to
common Hamiltonian noise. Noise-induced synchroniza-
tion refers to the synchronization of quantum oscillators
subjected to common noise, even without coupling be-
tween them. This phenomenon has been observed for
various physical systems, such as uncoupled neurons [44]
and single mode CO2 lasers [45]. Theoretically, noise-
induced synchronization has been analyzed in various
nonlinear oscillator models by applying the phase reduc-
tion method [40] and Lyapunov exponent [46]. Further-
more, under suitable conditions, perfect synchronization
between the oscillators can also be caused by common
noise [40]. Recently, Schmolke and Lutz reported that a
spin chain subjected to Hermitian noise synchronize [47].
In this study, we numerically simulate the case of uncou-
pled quantum limit-cycle oscillators subjected to com-
mon noise synchronize under continuous measurement.

Let us consider the case in which two quantum van der
Pol oscillators are subjected to a Hermitian noise HN

dρ1
dt

= −i[∆a†1a1 +HN , ρ] + γgD[a†1]ρ+ γdD[a21]ρ,

dρ2
dt

= −i[∆a†2a2 +HN , ρ] + γgD[a†2]ρ+ γdD[a22]ρ,

HN ≡ SN ◦ ξN (t), (21)

where SN is an Hermitian operator; in this simulation,
we specify the cases SN = i(a−a†) and SN = i(a2−a†2).
In physical context, the Hermitian noise is caused by an
ac-Stark shift [48] or a thermal bath [49]. To focus on
the noise-induced synchronization without the phase bias
caused by the measurement backaction, we use hetero-
dyne detection for the quantum phase reduction. The
Hamiltonian noise HN can be decomposed into Lie al-

gebra generators as HN =
∑N2−1

l=1 gN,lEl. According to
Eq. (19), the phase equations corresponding to Eq. (21)
can be derived as follows:

dθ1
dt

= ω + v ◦ ξ1 + ZHN
(θ1) ◦ ξN ,

dθ2
dt

= ω + v ◦ ξ2 + ZHN
(θ2) ◦ ξN , (22)

where ZHN
(θ) ≡

∑N2−1
l=1 glZl(θ) is the phase response

curve with respect to the Hamiltonian noise HN .

To theoretically analyze synchronization dynamics be-
tween the two oscillators, we consider the slow limit,
where the phase difference between them varies much
more slowly than their frequency ω. Then, we highlight
the relative phase ϕi ≡ θi − ωt, which represents a dis-
turbance from its natural frequency ω. Equation (22) is
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described with respect to the relative phase ϕ as follows:

dϕ1
dt

= v ◦ ξ1 + ZHN
(ϕ1 + ωt) ◦ ξN ,

dϕ2
dt

= v ◦ ξ2 + ZHN
(ϕ2 + ωt) ◦ ξN , (23)

The joint probability distribution P (ϕ1, ϕ2, t) is governed
by the Fokker-Planck equation [50] as follows:

∂P

∂t
=

2∑
i=1

dZHN
(ϕi + ωt)

dϕi
ZHN

(ϕi + ωt) +
∑
i,j

∂2

∂ϕi∂ϕj
Dij ,

(24)

Dij ≡
1

2
p2δij +

1

2
ZHN

(ϕi + ωt)ZHN
(ϕj + ωt), (25)

In the slow limit, we can average the drift and diffusion
coefficients in Eqs. (24) and (25) over the period T while
keeping the phase difference ϕ− ≡ ϕ1 − ϕ2 constant (in
the following, we adopt the procedure in Ref. [1, 40]).

D̃ij(ϕi − ϕj) ≡
1

T

∫ t+T

0

Dijdt,

= h(ϕi − ϕj) + v2δij , (26)

where the correlation function h(ϕ−) is defined as follows:

h(ϕ−) ≡
1

2π

∫ 2π

0

ZHN
(ϕ− + ϕ′)ZHN

(ϕ′)dϕ′. (27)

The correlation function h(ϕ−) has maximum value at
θ = 0 as long as ZHN

(θ) is smooth. By averaging the
Fokker-Planck equation over the period T , the drift terms
vanish. As shown in Eq. (26), the diffusion coefficient
depends only on the phase difference ϕ−. Then, sub-
stituting Eqs. (26) and (27) to Eq.(24), we obtain the
Fokker-Planck equation averaged over period T as fol-
lows:

∂

∂t
P (ϕ1, ϕ2, t) =

1

2
[h(0) + v2]

{(
∂

∂ϕ1

)2

+

(
∂

∂ϕ2

)2
}
P

+
∂2

∂ϕ1∂ϕ2
[h(ϕ−)P ]. (28)

Moreover, to see the phase dynamics in detail, we trans-
form the phase variables ϕ1 and ϕ2 to ϕ+ ≡ ϕ1 + ϕ2
and ϕ−. The probability distribution Q(ϕ−) is defined

as Q(ϕ−, t) ≡
∫ 2π

0
P (ϕ1, ϕ2, t)dϕ+ and the corresponding

Fokker-Planck equations are represented as follows:

∂Q(ϕ−)

∂t
=

∂2

∂ϕ2−
{[h(0)− h(ϕ−)] + v2}Q(ϕ−, t). (29)

Clearly, Eq. (29) has a steady state solution when Q(ϕ−)
is represented as

Q(ϕ−) =
q0

[h(0)− h(ϕ−)] + v2
, (30)

a b

FIG. 4. Phase-difference distribution of quantum van der
Pol oscillators subjected to common noise in steady state.
(a) and (b) phase-difference distribution Q(ϕ−) in the steady
state in heterodyne detection subjected to the common noise.
The gray histograms are computed from simulations of the
stochastic Schrödinger equation and the red lines are com-
puted from simulations of the phase equation. The parame-
ters are (∆, γg, γd) =(1.0, 0.2, 1.0). The common Hermitian
noise SN is SN = i(a− a†) for (a), SN = i(a2 − a†2) for (b).

where q0 is a normalization constant.
Although expression of the phase-difference distribu-

tion Q(ϕ−) in steady state [Eq. (30)] itself is the same as
that of the classical noise-induced synchronization [40],
we can identify a distinction between the classical and
quantum cases: the number of possible phase clusters
between the two quantum oscillators is limited by their
bosonic levels. In classical cases, considering common
noise with higher-order terms allowed for an arbitrarily
large number of phase clusters between two oscillators.
As shown in Eq. (30), the phase distribution in the steady
state depends on the correlation function h(ϕ−). For
the quantum van der Pol oscillators in heterodyne detec-
tion, the phase response curves are given as trigonometric
functions with the modes of N − 1 or less. For instance,
when SN = i(a − a†) or i(a2 − a†2), the corresponding
phase response curve is a first or second harmonic, re-
sulting in a synchronized state or cluster state in steady
state as shown in Figs. 4(a) and (b). The correlation
function h(ϕ−) can be represented by a linear combina-
tion of the trigonometric functions with modes of N − 1
or less. Hence the number of possible phase clusters in
response to an external perturbation is restricted by their
bosonic levels, unlike the classical case.

IV. CONCLUSION

In this study, we extend Lie algebraic quantum phase
reduction [26] to heterodyne detection, where all quadra-
ture observables are uniformly measured. Averaging
out the measurement backaction, the proposed method
derives an unbiased phase equation in the absence of
measurement-induced phase clusters. Moreover, our pro-
posed method also applies to arbitrary cases of homodyne
detection, including the scenario where the quadratures
are modified during the time evolution. Using the pro-
posed method, we conduct numerical simulations where
uncoupled quantum van der Pol oscillators subjected to
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common noise exhibit synchronization. Recently, various
phenomena intrinsic to quantum oscillators have been re-
ported in field of quantum synchronization, spurring the
demand for their analysis [51–53]. In studies of classical
synchronization, the extensions of phase reduction theory
have been developed to increase its effectiveness for com-
plex synchronization dynamics [54, 55]. Incorporating
these techniques to Lie algebraic quantum phase reduc-
tion may enhance its adaptability to the synchronization
phenomena specific to quantum oscillators.

Appendix A: Norm preservation of limit-cycle
equation

To ensure the limit-cycle solution of the stochastic
Schrödinger equation to be a pure-state trajectory, its
deterministic term must satisfy the norm preservation
condition ∥ |ψ⟩ ∥ = 1. However, it should be noted that
the deterministic terms of the stochastic differential equa-
tions varies with the choice of stochastic calculus for their
evaluation. We establish that the Stratonovich calculus
uniquely satisfies the norm preservation of the limit-cycle
dynamics. Considering an arbitrary stochastic calculus,
we evaluate the stochastic Schrödinger equation at an ar-
bitrary time t + pdt during [t, t + dt], where 0 ≤ p ≤ 1
(p = 0 in the Ito calculus and p = 1/2 in the Stratonovich
calculus). When the stochastic Schrödinger equation is
evaluated at time t+ pdt, it is represented as follows:

d |ψ(t)⟩

=

[
−iHeff +

K∑
k=1

⟨L†
k⟩Lk − 1

2
⟨L†

k⟩ ⟨Lk⟩

]
|ψ(t+ pdt)⟩ dt

+ p
[
⟨L†

kLk⟩ − ⟨L†
k⟩ ⟨Lk⟩

]
|ψ(t+ pdt)⟩ dt

+ (Lk − ⟨Lk⟩) |ψ(t+ pdt)⟩ dZ∗(t), (A1)

where terms less than O(dt) are neglected. The time
derivative of the norm ∥ |ψ⟩ ∥ under the deterministic
terms of Eq. (A1) is described as follows:

d(⟨ψ|ψ⟩)
= (⟨ψ|+ d ⟨ψ|)(|ψ⟩+ d |ψ⟩)− ⟨ψ|ψ⟩
= (d ⟨ψ|) |ψ⟩+ ⟨ψ| (d |ψ⟩) + (d ⟨ψ|)(d |ψ⟩)

= (2p− 1)

K∑
k=1

[
⟨L†

kLk⟩ − ⟨L†
k⟩ ⟨Lk⟩

]
dt, (A2)

Clearly, the norm preservation d∥ |ψ⟩ ∥ = 0 for an
arbitrary state |ψ⟩ is satisfied only if p = 1/2, the
Stratonovich calculus.

Appendix B: Generators of SU(N)

The generators of SU(N) correspond to generalized
Gell-Mann matrices. The generalized Gell-Mann matri-

ces are composed of off-diagonal matrices fk,l and diag-
onal matrices hk,l.

Λj,k ≡



for 1 ≤ j < k ≤ N

Ok,j +Oj,k,

for 1 ≤ k < j ≤ N

−i(Oj,k −Ok,j),

for 1 ≤ j = k ≤ N − 1√
2

j(j+1)

(∑j
l=1Ol,l − jOj+1,j+1

)
,

(B1)

where Oj,k is the matrix with 1 in the jk-th entry and 0
elsewhere. The generators Ej,k are defined so that they
are normalized with respect to the trace norm:

Ej,k ≡ 1√
Tr[Λ2

j,k]
Λj,k,

(B2)

Appendix C: Conversion between Ito and
Stratonovich calculi

Typically, a stochastic differential equation is repre-
sented by two different forms, the Ito and Stratonovich
forms, which are given as follows:

f(t)dW (t) ≡ f(t) (W (t+ dt)−W (t)) , (C1)

f(t) ◦ dW (t) ≡ f

(
t+

dt

2

)
(W (t+ dt)−W (t)) , (C2)

where W (t) is a Wiener process. In the Stratonovich in-
terpretation, a calculus is performed at the midpoint of
the interval [t, t + dt]. Moreover, the two forms can be
converted to each other using the following transforma-
tion:

f(t) ◦ dW (t) = f(t)dW (t) +
1

2
df(t)dW (t). (C3)

The conversion of Eq. (C3) is performed according to the
Ito rule:

dW (t)2 = dt, (C4)

dW (t)dt = 0. (C5)

Appendix D: Limit-cycle solution of quantum van
der Pol oscillator in heterodyne detection

To show that the limit-cycle solution of the quantum
van der Pol oscillator is a harmonic oscillation in het-
erodyne detection, we provide a brief proof for it. We
define a unitary transformation R(λ) corresponding to
harmonic oscillation as R(λ) ≡ exp(−ia†aλ). According
to Eq. (4), dynamics of limit cycle for quantum van der
Pol oscillators [Eq. (18)] is represented as follows:

d |ψ⟩ =
[
− ia†a− 1

2
(γgaa

† + γda
†2a2) + γg ⟨a⟩ (a† − ⟨a†⟩)

+ γd ⟨a†2⟩ (a2 − ⟨a2⟩)
]
|ψ⟩ dt. (D1)
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By performing this unitary transformation on the quan-
tum state |ψ⟩ in Eq. (D1) of quantum van der Pol oscil-
lators, we find R(|ψ⟩ + d |ψ⟩) = R(λ) |ψ⟩ + d(R(λ) |ψ⟩),
that is, time evolution in Eq. (D1) and the unitary trans-
formation R(λ) commute. By introducing the operator
C(β) as C(β) |ψ(t)⟩ = |ψ(t+ β)⟩ under Eq. (D1), it is
clear C(β)R(λ) |ψ⟩ = R(λ)C(β) |ψ⟩. Using this relation
in the limit-cycle solution |ψ0(θ)⟩, we can derive

C(β)R(λ) |ψ0(θ)⟩ = R(λ)C(β) |ψ0(θ)⟩
= R(λ) |ψ0(θ + ωβ)⟩ . (D2)

To take β → ∞, the left-hand side of Eq. (D2) converges
on the limit-cycle solution |ψ0⟩. Thus, the limit-cycle
solution |ψ0⟩ is a harmonic oscillation and is described
as an circle on xp plane.

Appendix E: Phase response curve of quantum van
der Pol oscillator in heterodyne detection

We prove that in heterodyne detection, the phase re-
sponse curves corresponding to jump operators in the
quantum van der Pol oscillators are constant white noise.
Unitary transformation R(λ) = exp(iλa†a) and annihi-
lation and creation operators satisfy R(λ)a = eiλaR(λ).

Using this fact, when we define the derivative of quan-
tum states with respect to perturbations as d |ψ⟩ =

(a† − ⟨a†⟩) |ψ⟩ dt, we can derive

d[R(λ) |ψ⟩] = e−iλd |ψ⟩
= (a†e−iλ − ⟨a†e−iλ⟩) |ψ⟩ dt. (E1)

According to Appendix D, unitary transformation R(λ)
and dynamics of limit cycle defined by Eq. (4) com-
mute. Employing this and Eq. (E1), we derive Zr(λ) =
cos(λ)Zr(0) − sin(λ)Zi(0) where Zr(θ) and Zi(θ) are
phase response curves with respect to perturbations of
a† and ia†, respectively. Then, we find that Zr(θ) can be
represented as Zr(θ) = c cos(θ+θ0) where θ0 is constant.
Considering the case where λ = π/2 in Eq. (E1), it can
be easily deduced that Zr(λ) = −Zi(λ − π/2). Finally,

we can obtain
√
[Zr(θ)dW1]2 + [Zi(θ)dW2]2 =

√
2cdW .

A similar discussion can be applied to a jump operator
a2.
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pathy, Symmetries and synchronization blockade, Phys.
Rev. A 108, 022216 (2023).

[54] W. Kurebayashi, S. Shirasaka, and H. Nakao, Phase re-
duction method for strongly perturbed limit cycle oscil-
lators, Phys. Rev. Lett. 111, 214101 (2013).

[55] D. Wilson, Phase-amplitude reduction far beyond the
weakly perturbed paradigm, Phys. Rev. E 101, 022220
(2020).

https://doi.org/10.1103/PhysRevA.101.062104
https://doi.org/10.1103/PhysRevLett.111.234101
https://doi.org/10.1103/PhysRevLett.112.094102
https://doi.org/10.1103/PhysRevLett.125.013601
https://doi.org/10.1103/PhysRevLett.125.013601
https://doi.org/10.1126/science.abo3382
https://doi.org/10.1103/PhysRevResearch.2.023026
https://doi.org/10.1103/PhysRevResearch.2.023026
https://doi.org/10.1103/PhysRevLett.132.093602
https://doi.org/10.1088/0305-4470/25/21/023
https://doi.org/10.1088/0305-4470/25/21/023
https://doi.org/10.1103/PhysRevResearch.1.033012
https://doi.org/10.1007/BF01608499
https://www.tandfonline.com/doi/full/10.1080/00107510601101934
https://www.tandfonline.com/doi/full/10.1080/00107510601101934
https://www.nature.com/articles/nature06057
https://www.nature.com/articles/nature12539
https://doi.org/10.1103/PhysRevLett.123.163601
https://doi.org/10.1103/PhysRevLett.102.194102
https://doi.org/10.1103/PhysRevLett.102.194102
https://doi.org/10.1103/PhysRevLett.98.184101
https://doi.org/10.1103/PhysRevLett.98.184101
https://doi.org/10.1103/PhysRevLett.101.154101
https://doi.org/10.1103/PhysRevLett.101.154101
https://doi.org/https://doi.org/10.1016/j.physa.2004.12.014
https://doi.org/https://doi.org/10.1016/j.physa.2004.12.014
https://doi.org/10.1080/00107514.2015.1094987
https://doi.org/10.1080/00107514.2015.1094987
https://doi.org/10.1103/PhysRevLett.88.138103
https://doi.org/10.1103/PhysRevE.67.066220
https://doi.org/10.1103/PhysRevE.67.066220
https://doi.org/10.1063/1.1493096
https://doi.org/10.1103/PhysRevLett.129.250601
https://doi.org/10.1103/PhysRevLett.122.050501
https://doi.org/10.1103/PhysRevB.96.115408
https://doi.org/10.1103/PhysRevB.96.115408
https://doi.org/10.1103/PhysRevLett.117.073601
https://doi.org/10.1103/PhysRevLett.117.073601
https://doi.org/10.1103/PhysRevLett.118.243602
https://doi.org/10.1103/PhysRevA.108.022216
https://doi.org/10.1103/PhysRevA.108.022216
https://doi.org/10.1103/PhysRevLett.111.214101
https://doi.org/10.1103/PhysRevE.101.022220
https://doi.org/10.1103/PhysRevE.101.022220

	Lie algebraic quantum phase reduction based on heterodyne detection
	Abstract
	INTRODUCTION
	METHODS
	Stochastic Schrödinger equation for heterodyne detection
	Phase reduction based on heterodyne detection
	Application of phase reduction based on heterodyne detection to homodyne detection

	EXAMPLES
	CONCLUSION
	Norm preservation of limit-cycle equation
	Generators of SU(N)
	Conversion between Ito and Stratonovich calculi
	Limit-cycle solution of quantum van der Pol oscillator in heterodyne detection
	Phase response curve of quantum van der Pol oscillator in heterodyne detection
	Acknowledgments
	References


