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Optical clocks based on atoms and ions probe relativistic effects with unprecedented sensitivity. They
resolve time dilation due to atom motion or different positions in the gravitational potential through
frequency shifts. However, all measurements of time dilation so far can be explained effectively as the
result of dynamics with respect to a classical proper time parameter. Here we show that atomic clocks can
probe effects where a classical description of the proper time dynamics is insufficient as superpositions of
proper time emerge. We apply a Hamiltonian formalism to derive time dilation effects in harmonically
trapped clock atoms and show how second-order Doppler shifts due to the vacuum energy, squeezing, and
quantum corrections to the dynamics arise. We also demonstrate that time-dilation-induced entanglement
between motion and clock evolution can become observable in state-of-the-art clocks when the motion of
the atoms is strongly squeezed, realizing proper time interferometry. Our results show that experiments
with trapped ion clocks are within reach of probing relativistic evolution of clocks for which a quantum
description of proper time becomes necessary.
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Introduction—Our understanding of the nature of time is
continuously evolving. Time still plays different roles in the
variety of physical theories that underpin modern physics.
In quantum mechanics, it is usually treated as a fixed
parameter, while in general relativity time becomes
dynamical. But even in quantum mechanics governed
by the Schrödinger equation, we expect that time should
change with velocity and position in a gravitational field, as
dictated by relativity. Clocks that operate based on quantum
principles evolve according to their proper time, and thus
experience time dilation. This has been tested in many
experiments [1–5], with the first direct observation by
Hafele and Keating [6]. Such measurements rely on the
precision of atomic clocks, which operate on fundamentally
quantum mechanical principles [7]. Nevertheless to date,
even atomic clocks in experiments simply measure a fixed,
classical proper time parameter, probed by a quantum
mechanical sensor [8–12]. Indeed, such experiments dem-
onstrate that even the nonrelativistic Schrödinger evolution
of atomic clocks has to be governed by the proper time τ.

However, they do not probe other aspects of the interplay
between quantum mechanical principles and relativistic
principles.
Here we explore how genuine quantum-mechanical

signatures of proper time evolution can be probed with
atomic clocks. We use the Hamiltonian formalism intro-
duced in [13] to derive proper time signatures in clocks,
such as the well-known second-order Doppler shift
(SODS), or motional redshift, that stems from special
relativistic time dilation [1]. In this formalism it becomes
clear that such effects can be generalized to include shifts
from quantum mechanical effects, such as what we call
here the “vacuum-induced second order Doppler shift”
(vSODS). But while such effects stem from quantum
motional states, they nevertheless can be reproduced by
evolution with respect to a fixed semiclassical parameter
hτi ≈ tð1 − hv2i=ð2c2ÞÞ. Going beyond this description, we
compute how time-dilation-induced entanglement [13,14]
and decoherence [15] affect these systems. We show that
the use of motional squeezed states allow for the first
experimental demonstration of these effects with state-of-
the-art technology, with an observable reduction of vis-
ibility, and an additional squeezing-induced frequency shift
(sqSODS). Finally, we also derive what we term the
“quantum second-order Doppler shift” (qSODS), which
is an inherently quantum mechanical effect on the phase
evolution of the clock, which can be amplified through
control and measurement on the motional states.
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Our results show how the experimental exploration of a
new regime of clock dynamics can be achieved, for
which the quantization of the proper time evolution through
τ̂≡ τðx̂; p̂Þ is necessary.
Formalism—All clocks evolve according to their local

proper times τ, including atomic clocks that evolve quan-
tum mechanically [1–3,5–7]. To describe this evolution in
low-energy quantum systems, it is convenient to introduce
a Hamiltonian formalism for clocks. Such a formalism
essentially captures the relationship of proper time and
coordinate time t, with respect to which the Hamiltonian
generates the evolution [13–23]. Specifically, it was shown
in [21] that if a sufficiently small clock is described by its
local Hamiltonian Hloc ¼ mc2 þHc that includes the rest-
mass m and clock evolution generator Hc, then the total
evolution that describes both the clock and its motion is
governed the Hamiltonian H ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðcpÞ2 þH2

loc

p
. This is

because the action capturing both the clock and its motion
can be shown [21] to be S ¼ −

R
Llocdτ, where Lloc is the

Lagrangian of the local clock degrees of freedom, whose
Legendre transform isHloc. Proper time evolution of clocks
thus proceeds as if the rest mass m is replaced by the total
energy mc2 þHc of the clock. The resulting quantized
Hamiltonian for the joint clock and center-of-mass evolu-
tion was first considered in Ref. [13] and applied to
quantum interference and entanglement between clock
and center-of-mass states in the gravitational field.
Importantly, the quantum nature of the dynamics can yield
new effects, such as time-dilation-induced entanglement
[13,24], decoherence due to time dilation [14,15], inter-
ference of proper time evolutions [25–28], corrections to
atomic detector rates [29,30], anomalous friction in atoms
[19,31], signatures in quantum networks [32–35], and
corrections to classical time dilation in boosted frames
[36]. For our purposes, neglecting gravity and considering
the clock in an external potential V̂, we get Ĥ ¼ mc2 þ
p̂2=ð2mÞ þ V̂ þ Ĥc½1 − p̂2=ð2m2c2Þ�, where we neglect
terms beyond Oðc−2Þ and assume hĤci ≫ hV̂i, or in terms
of clock and motional angular frequency, respectively:
ωc ¼ 2πν ≫ ω. For a harmonic potential at trap frequency
ω, the Hamiltonian describing atomic and ion clocks
with local evolution Ĥc and special relativistic time
dilation, is thus

Ĥ ¼ Ĥc þ ℏω

�
n̂þ 1

2

�
−

ℏω
2mc2

ĤcP̂
2 ð1Þ

with P̂ ¼ p̂=
ffiffiffiffiffiffiffiffiffiffi
ℏmω

p ¼ iðâ† − âÞ= ffiffiffi
2

p
the momentum

quadrature.
The Hamiltonian in Eq. (1) can be interpreted in two

equivalent ways: either as including the mass-energy
equivalence (also sometimes called mass-defect in purely
classical descriptions [37]) due to internal energy Ĥc, or
equivalently as incorporating relativistic proper time

evolution to first order. Both pictures are simply different
interpretations of the same Hamiltonian. Importantly, Ĥ
only deviates from the more conventional nonrelativistic
Hamiltonian through the last term which couples the clock
degrees of freedom to the motion. This coupling has several
consequences, and can entangle the clock with the motion,
as we will discuss in the following.
We specifically model the clock as a two-level system

with states jgi and jei at energy zero and ℏωc, respectively,
Ĥc ¼ ℏωcjeihej, so that the entire rest energy when the
clock is in the ground state is captured bymc2. It is useful to
introduce the unitless operator

ε̂c ¼ εcjeihej; ð2Þ

with εc ¼ ℏωc=ðmc2Þ ≪ 1, the dimensionless ratio of the
excited clock state energy to the rest energy. The corre-
sponding dimensionless trap frequency parameter
εm ¼ ℏω=ðmc2Þ ≪ 1, is related to εc by εmωc ¼ εcω.
For the clock transition in 27Alþ at 267 nm [38] and a
trap frequency of ω ¼ 2π × 20 MHz, εm ¼ 3.29 × 10−18,
and εc ¼ 1.85 × 10−10. With even lighter ions like Bþ and
Liþ and/or tighter confinement and higher transition
frequencies, the ε parameters will further increase. We
note that Alþ-based clocks are typically operated in a two-
ion configuration, which leads to a more complex motional
mode structure. All ε values considered in this Letter are
calculated for the simple case of a harmonically confined
single ion.
The unitary evolution resulting from Eq. (1) is derived in

Appendix A,

Û ¼ e−iĤct=ℏŜðζ̂Þe−iλ̂ωðn̂þ1=2ÞtŜ†ðζ̂Þ; ð3Þ

where ŜðζÞ ¼ eðζ=2Þðâ2−â†2Þ is the squeezing operator and
the arguments are operators themselves that act on the
clock, ζ̂ ¼ − lnð1 − ε̂cÞ=4 ≃ ε̂c=4 and λ̂ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

1 − ε̂c
p

≃
1 − ε̂c=2. Both operators depend on the clock
Hamiltonian through Eq. (2) and since hζ̂i ≪ 1 the
approximation Ŝðζ̂Þ ≃ 1þ ðζ̂=2Þðâ2 − â†2Þ is valid. The
evolution operator in Eq. (3) captures the well-known
relativistic second-order Doppler shift in clocks, and addi-
tional quantum effects which can be probed with clocks.
We assume that the clock is prepared in the initial state

jψð0Þi ¼ ðjgi þ jeiÞjϕmi=
ffiffiffi
2

p
, with motional state jϕmi.

The clock then evolves under Eq. (3) into the state

jψðtÞi ¼ e−iωtn̂ffiffiffi
2

p
�
jgi þ e−iω

0
cðn̂Þtjei

�
jϕmi þ Ûc.m.jeijϕmi:

ð4Þ

The first term shows that the clock frequency is altered to a
new frequency
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ω̂0
cðn̂Þ ¼ ωc

�
1 −

εmð2n̂þ 1Þ
4

�
: ð5Þ

It captures a frequency change that depends on the motional
state through the operator n̂, and is responsible for a variety
of relativistic effects, as we show below. The second term in
Eq. (4) that depends on Ûc.m.ðεcÞ (stemming from Ŝðζ̂Þ, see
Appendix A) captures a clock-motion coupling that induces
additional changes in the motional state. It does not
contribute to the standard SODS but it can result in the
qSODS, as we will show further below.
SODS—The exact clock evolution with respect to proper

time follows from Eq. (3). If we neglect Ûc.m. in Eq. (4),
since it does not directly contribute to the frequency shift to
first order, we obtain the well-known SODS. In this limit,
the state evolves to

jψðtÞi ¼ 1ffiffiffi
2

p ðjgi þ e−iω
0
cðn̂ÞtjeiÞjϕmi; ð6Þ

and the off-diagonal elements of the clock, which capture
its frequency and coherence, become

2ρeg ¼ he−iω0
cðn̂Þti: ð7Þ

Here, the average is taken with respect to the initial
motional state, which is arbitrary and can also be a mixed
state. Suppose that the motional state of the ion is thermal at
temperature T, given by the state ρth. The clock experiences
a frequency shift and drop in interference contrast purely
from the proper time evolution, however the loss of
coherence scales as 1 − ðεcωtn̄Þ2 and can be neglected
in currently realizable experiments since it is of second
order in εc (see Appendix B). The frequency shift, to first
order in εcωtn̄, is

ΔνSODS
ν

¼ −
ℏωð2n̄þ 1Þ

4mc2
≃ −

kBT
2mc2

¼ −
hv2ith
2c2

; ð8Þ

where 2πΔνSODS ¼ ω0
c − ωc and hv2ith is the mean square

velocity of the thermal distribution, and we used
n̄ ≈ kBT=ℏω. The result thus reproduces the SODS (here
computed in one dimension), as accounted for in many
experiments [7], and shown in Fig. 1(b). This simple
example shows the strength of the formalism employed
here; the SODS simply follows from the evolution due to
the Hamiltonian equation (1). In fact, the general result for
the thermal state as described in the Appendix B, where the
full average in Eq. (7) is relevant, shows that the SODS can
also take other forms which can become observable at low
temperatures. This is illustrated in Fig. 1(c).
vSODS—We now consider an ion that is cooled to the

motional ground state, for which jϕmi ¼ j0i. We again
neglect Ûc.m. in Eq. (4). Despite being in the ground
state, the dynamics yields a shift in the clock frequency

according to Eq. (8) with n̄ ¼ 0, consistent with previous
calculations [22,39]

ΔνvSODS
ν

¼ −
εm
4

¼ −
ℏω
4mc2

: ð9Þ

We stress that this effect arises despite cooling to the
absolute ground state of the ion. This is because of vacuum
fluctuations, or more specifically because proper time is
velocity dependent and the ground state is not a momentum
eigenstate, i.e., the finite spatial extent of the wave function
implies a finite spread of momentum around zero. The
vSODS is thus an example of an effect where proper time
evolution is not due to a classical well-defined state, and
neither stemming from a classical mixture. It arises because
of the clock picking up vacuum contributions through the
factor ε̂cωt=4 in Eq. (3), thus being an observable mani-
festation of the quantum vacuum.
There is currently great interest in observing effects from

proper time that stem from inherently quantum mechanical
states of motion. This has been considered for the gravi-
tational case [13,14,27,40], and for special relativistic
time dilation [25,26,29]. The vSODS discussed above is
one such example. However, there are ambiguities when
measuring the frequency shift. If entanglement was to be
measured as proposed in [13] and adapted to our case

FIG. 1. Illustration of classical, semiclassical, and quantum
proper time dynamics of a trapped-ion atomic clock that we
consider. In (a), a clock undergoes classical relativistic motion in
a harmonic potential, and the clock evolution is Û ¼ e−iĤcτ=ℏ. In
(b), the clock evolves with a single proper time that arises as an
average with respect to a quantum motional state, Û ¼ e−iĤchτi=ℏ.
In (c), the proper time is averaged over the clock’s classical
mixture of motions Û ¼ he−iĤcτ=ℏi. The full quantum evolution
Û ¼ e−iĤcτðx̂;p̂Þ=ℏ leads to entanglement-induced loss of coher-
ence (d) and the qSODS (e), in which the clock and spatial
relativistic dynamics interfere.
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below, then the outcome would be inconsistent with a
classical picture of proper time, i.e., to explain entangle-
ment it is really necessary to quantize also the experienced
proper time as τ̂ ¼ τðx̂; p̂Þ. In contrast, signatures on
the frequency, such as the vSODS, cannot distinguish
the purely quantum-mechanical description from a
semiclassical model in which we replace τ̂ by just hτi.
This is illustrated in Fig. 1(b), where now the expectation
value is with respect to the vacuum state. We can generalize
the result: To order OðεcÞ, the frequency shift in
Eq. (7) becomes he−iω0

cðn̂Þti ≃ e−iω
0
cðhn̂iÞt, where ω0

cðhn̂iÞ ¼
ωc½1 − εmmhv2i=ðℏωÞ�. The clock thus evolves as if simply
due to the classically averaged proper time,
2ρeg ≃ eiωchτi ¼ expðiωct½1 − hv2i=ð2c2Þ�Þ. This holds for
any motional state and thus can generically reproduce
the clock’s frequency shift semiclassically. In particular,
it reproduces both the SODS in Eq. (8) and the vSODS
in Eq. (9). Even beyond the perturbative expansion,
the frequency shift can always be captured by Eq. (7),
which admits a classical interpretation. Given an initial
classical energy E, averaged over the possible initial
energies of the motion, the clock frequency shifts to
ω0
c ¼ ωc½1 − E=ðmc2Þ�.
Time-dilation-induced entanglement—A key feature of

the genuine quantum evolution in Eq. (3) is that entangle-
ment can be generated between clock and motional states
through the proper time evolution. This can happen even if
the clock-dependent squeezing operators, which result in
Ûc.m., are neglected. The entanglement arises through the
motion-dependent frequency shift in Eq. (5), illustrated in
Fig. 1(d). It was first predicted in Ref. [13] with a focus on
gravitational time dilation, and has been generalized to
many different systems and situations [14,32–34,41–47].
But the predicted time-dilation-induced entanglement of
clock states to motional states has so far not been observed
(other than in an experiment that simulated time dilation
[48]). We now show how it can be realistically measured in
ion clocks, summarized in Fig. 2. To this end, we focus on
the resulting loss of coherence as also in [13–15], which is
captured by the dimensionless interferometric visibility, in
our case V ¼ 2jρegj ¼ jhe−iω0

cðn̂Þtij. Instead of using the
motional ground state, we now consider an initial squeezed
vacuum state jξi ¼ ŜðξÞj0i, with jξj ¼ r. The off-diagonal
elements of the clock now become

2ρeg ¼
e−iωctð1−εm=4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh2ðrÞ − eiωcεmtsinh2ðrÞ
p ; ð10Þ

where we used e−iω
0
cðn̂ÞtŜðξÞeiω0

cðn̂Þt ¼ Ŝðξeiωcεmt=2Þ and the
overlap of squeezed states hrjreiφi ¼ ðcosh2ðrÞ−
eiφsinh2ðrÞÞ−1=2. For no initial squeezing, the result reduces
to the vSODS described before. However, the squeezing
now introduces an additional frequency shift

ΔνsqSODS
ν

≃ −
εm
4
coshð2rÞ ð11Þ

and V ¼ ðcosh2ð2rÞsin2ðεmωct=2Þ þ cos2ðεmωct=2ÞÞ−1=4
for the visibility, which is approximately

V ≃ 1 −
ðεmωctÞ2

16
sinh2ð2rÞ: ð12Þ

The visibility loss arises due to the entanglement generated
between motional and clock states through the proper time
evolution in Eq. (1), illustrated in the last column of Fig. 2.
It is a witness of the inherent quantum proper time
evolution [13]. Our result suggests that this may be
observable in a state-of-the art experiment. The 27Alþ

clock [38] gives εm ¼ 3.3 × 10−18. A 20 MHz trap with
excellent clock and motional coherence to permit a free
evolution of duration t ≃ 1 s and further assuming that
squeezed states with r ¼ 2.26 can be prepared (such states
have already been observed in an ion trap [49]) would result
in a reduction of visibility in Eq. (12) to V ≃ 0.93.
The resulting frequency shift would also be observable,

ΔνsqSODS=ν ≃ 3.8 × 10−17, but the visibility loss would be
of greater interest as it is the hallmark of the underlying
quantum dynamics and entanglement. Thus our protocol
allows the observation of the time-dilation-induced

FIG. 2. Illustration of time-dilation-induced entanglement be-
tween clock and motional degrees of freedom, and how it can be
observed using trapped atomic clocks with squeezing of motional
states. The protocol proceeds from left to right. The top row
shows the motional states in a phase-space representation, where
a squeezed state is prepared which then evolves at different
frequencies in superposition, depending on the internal clock
states. The bottom row shows the same sequence from the
perspective of the clock degrees of freedom represented on a
Bloch sphere, where a Ramsey sequence results in a super-
position of different time evolutions of the clocks due to the
different motional energies. The entanglement between motion
and clock (last column) causes a reduction in visibility of the
clock, Eq. (12), which can be measured with current state-of-the-
art ion clock systems.
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entanglement, which goes beyond the standard classical
treatment of proper time dynamics. In fact, it is in principle
also possible to directly verify this entanglement, by joint
measurements both on the motional and clock states,
without relying on the visibility as a witness.
qSODS—We now consider the full evolution, Eq. (3),

which includes contributions from Ŝðζ̂Þ that lead to Ûc.m. in
Eq. (4). This squeezing is a consequence of the quantum
relativistic evolution of the clock in the trap, not from
the initial state as above. The unitary Ûc.m. depends on
ζ̂ ≃ ε̂c=4, which we have neglected in our calculations thus
far. This contributes an additional shift in the clock, which
we call the quantum second-order Doppler shift (qSODS),
illustrated in Fig. 1(e).
Let us assume the ion is initially cooled to the ground

state. The evolved state to leading order in εc is

jψðtÞi ≃ jψ c;0ðtÞi −
1

8
εchðtÞe−iω0

cð0Þtjeij2i; ð13Þ

where jψ c;0ðtÞi captures the vSODS contribution to the
clock evolution, Eq. (6), and hðtÞ ¼ 1 − e−2iωtð1−εc=4Þ. In
regular clock measurements, the additional contributions in
Eq. (13) will only cause visibility oscillations of order ε2c,
after tracing over the motional state. The exact reduced
clock state is computed in Appendix C: the off-diagonal
elements are given by 2ρeg ¼ e−iωctð1−εm=4Þðcosh2ðεc=4Þ−
eiωtð2−εcÞsinh2ðεc=4ÞÞ−1=2. This yields an additional phase
shift of φ ≃ ε2c ½2ωt − sinð2ωtÞ�=32 and a visibility drop of
V ≃ 1 − ½εc sinðωtÞ=4�2, both too small to observe with
currently feasible experiments.
Instead of direct clock measurements, one can design

protocols to reveal the additional contributions to linear
order in εc that are not averaged out, see the Supplemental
Material [50]. In brief, one can project the motional states
on ðj0i þ j2iÞ= ffiffiffi

2
p

rather than tracing them out, which
results in a signal on the clock that is linear in εc. To also
convert the highly oscillatory signal into a fixed phase

offset, one needs to apply clock-state-dependent oper-
ations on the motional state before the measurement. This
can, for example, be a clock-dependent displacement or
linear drive. Such operations result in a phase offset on
the clock on the order of ϕqSODS ≃ εc, which stems from
the Ŝðε̂c=4Þ contribution to the relativistic dynamics. It
represents an additional quantum mechanical effect as it
cannot be captured by the semiclassical evolution with
respect to hτi. However, while this phase offset is now
linear in εc, even for the 27Alþ clock it is of order
ϕqSODS ≃ 10−10 rad, too small to observe with current and
near-future capabilities.
Conclusions—In summary, we showed how experiments

with harmonically confined clock atoms can probe quantum
features of the relativistic proper time dynamics, which have
so far not been observed. We used the Hamiltonian formu-
lation of relativistic dynamics of composite systems for a
convenient description of internal and motional relativistic
effects in atomic clocks due to special relativity. We showed
how well-known effects are captured in this framework, and
derived additional effects due to the quantization of clocks
and motion and derived effect due to the quantization of
clocks and motion, summarized in Table I. The vacuum-
induced second order Doppler shift, which stems from the
vacuum energy contributions of the trapping potential, leads
to a shift of ∼5 × 10−19 in a MHz trap, and thus may be
observable. We also showed that the entanglement
between internal clock states and external motional states
generated through time dilationmaybecome observablewith
27Alþ-clocks that also feature state-of-the-art capabilities in
squeezing and long coherence times. The quantumdynamics
also cause additional contributions which can give rise to the
qSODS, which, however, is currently unobservable. Further
improvements are possible, for example, with higher trap
frequencies or the development of a 10Bþ-ion clock at ν ¼
1119 THz [51,52], which due to its lower rest mass would
result in a visibility drop to even V ∼ 0.76 for all else equal.
Overall, our results show that the seemingly simple proper

TABLE I. Summary of the manifestations of the second-order Doppler shifts that arise from the relativistic dynamics given by Eq. (1),
to lowest order in εc and εm. The proper time evolution of the clocks results in relativistic frequency shifts, and in a drop in visibility due
to the clock-motion coupling. Thermal motional states give rise to the standard SODS, while the quantum ground state causes the
vacuum SODS. Going beyond effects that can be described via a classical parameter hτi, preparing a motional squeezed state allows one
to resolve the entanglement-induced visibility drop for the sqSODS with near-future ion clocks (see also Fig. 2). The qSODS is an
additional quantum contribution from the action of Uc.m. in Eq. (4).

Initial motional state: jϕmi Fractional frequency shift: ðΔν=νÞ Visibility: V

SODS ρth −ðhv2ith=2c2Þ 1 − 1
8
ðεcωtÞ2n̄ðn̄þ 1Þ

vSODS j0i −ðεm=4Þ 1 − ðε2c=16Þsin2ðωtÞ
sqSODS ŜðξÞj0i −ðεm=4Þ coshð2rÞ 1 − ½ðεcωtÞ2=16�sinh2ð2rÞ
qSODS j0i −ðεm=4Þ − ðεmεc=16Þð1 − sincð2ωtÞÞ 1 − ðε2c=16Þsin2ðωtÞ

With control: −½βεc=
ffiffiffi
8

p
νtð2þ β2Þ�
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time evolution of clocks offers new phenomena and unique
quantum features that can be probed with trapped ion clocks.
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End Matter

Appendix A: Derivation of the total unitary operator
for proper time evolution of clocks and motion—The
Hamiltonian in Eq. (1) generates the time evolution
given by the unitary operator,

Û ¼ e−iĤct=ℏe−iωtðP̂
2þX̂2Þ=2þiωtε̂cP̂

2=2; ðA1Þ

where P̂ ¼ iðâ† − âÞ= ffiffiffi
2

p
and X̂ ¼ ðâþ â†Þ= ffiffiffi

2
p

are the
momentum and position quadratures of the motion, and
ε̂c ¼ Ĥc=ðmc2Þ as previously defined. We want to
decouple this exponential into a product of operators to
easily compute its effect of the clocks and motion. This
can be achieved as follows: Acting with squeezing
operators on both sides gives

Ŝ†ðζÞÛ ŜðζÞ
¼ e−iĤct=ℏe−iωtðP̂

2e2ζþX̂2e−2ζÞ=2þiωtε̂cP̂
2e2ζ=2: ðA2Þ

One can choose ζ such that the exponential is only a
rotation in the motional states by setting the coefficients
of P̂2; X̂2 in Eq. (A2) to be equal. This gives the
condition ζ≡ ζðĤcÞ ¼ − lnð1 − ε̂cÞ=4, where it is now
an operator acting on the clock states, and allows us to
write Eq. (A2) as

Ŝ†ðζ̂ÞÛ Ŝðζ̂Þ ¼ e−iĤct=ℏe−iλ̂ωðn̂þ1=2Þt ðA3Þ

having additionally defined λ̂≡ λðĤcÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε̂c

p
.

Moving the operators Ŝ†ðζ̂Þ and Ŝðζ̂Þ to the right-hand
side gives

Û ¼ e−iĤct=ℏŜðζ̂Þe−iλ̂ωðn̂þ1=2ÞtŜ†ðζ̂Þ; ðA4Þ

which is Eq. (3) in the main text. We note that the clock
Hamiltonian is arbitrary up to this point, which reflects
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the universality of time dilation. For our purposes, we
use a two-level system as the clock.
The unitary evolution is dominated by the rotation with

respect to λ, and the squeezing operations are subdominant.
This can be seen by swapping the rotation and squeezing
operations, which yields

Û ¼ e−iĤct=ℏŜðζ̂ÞŜ†ðζ̂e2iλ̂ωtÞe−iλ̂ωðn̂þ1=2Þt: ðA5Þ
The squeezing operations thus effectively cancel, except
for the additional rotation through 2λ̂ωt that depends on
the clock state. This can be better seen by combining the
two squeezers, which to order Oðζ2Þ is given by
Ŝðζ̂ÞŜ†ðζ̂e2iλ̂ωtÞ¼ Ŝðζ̂ð1−e2iλ̂ωtÞÞeiζ̂2 sinð2ωtÞðn̂þ1=2Þ þOðζ3Þ.
It shows that ζ contributes only at second order to the phase
shift, while also affecting the motional state through the
squeezing operation, which gives rise to the qSODS in the
main text.
To lowest order, we can express its effect perturbatively,

using the approximation εc ≪ 1 as in the main text. We can
now write the evolution operator as

Û ¼ e−iλ̂ωtðn̂þ1=2Þ þ ε̂c
8
e−iλ̂ωtðn̂þ1=2Þðâ†2 − â2Þ

þ ε̂c
8
ðâ2 − â†2Þe−iλ̂ωtðn̂þ1=2Þ þOðε̂2cÞ: ðA6Þ

The first term in Eq. (A1) gives rise to the usual SODS
frequency shift in atomic clocks, and depends on the
motional state through the operator n̂. The second and
third terms constitute Ûc.m. as denoted in Eq. (4) and
capture the squeezing of the motional state (i.e., energy
transitions n → nþ 2; n − 2) to leading order in ε̂c. The
signatures on the clock to higher order and for a general
initial state are computed in the next section.

Appendix B: State evolution for initial thermal state—
We start with Eq. (4), neglecting contributions due to
Ûc.m.ðε̂cÞ. We assume that the clock is initially in a
thermal state ρth ¼

P
kð1þ n̄Þ−1ðn̄=ð1þ n̄ÞÞkjkihkj.

Tracing over the motional degrees of freedom, gives the
reduced state of the clock,

ρcðtÞ ¼
X
k

n̄k

ð1þ n̄Þkþ1
jψ c;kðtÞihψ c;kðtÞj; ðB1Þ

where jψ c;kðtÞi¼ðjgiþe−iω
0
cðkÞtjeiÞ= ffiffiffi

2
p

. After performing
the sum over k, the off-diagonal element in polar form
is given by

2ρeg ¼
e−ifωct−arctan½tanðεÞð2n̄þ1Þ�gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ðεÞ þ sin2ðεÞð2n̄þ 1Þ2

p ðB2Þ

having here defined ε ¼ εcωt=4. We can read off from
this expression the frequency shift Δωc and the visibility

2jρegj. In the regime εn̄ ≪ 1, we obtain to Oðεn̄Þ the
usual SODS as in the main text:

2ρeg ≃
e−i½ωct−εð2n̄þ1Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ε2 þ ε2ð2n̄þ 1Þ2
p : ðB3Þ

The visibility is suppressed at Oðε2n̄2Þ, but the frequency
shift is Oðεn̄Þ, given in the main text in Eq. (8).
Now consider a high temperature limit where εn̄≳ 1, but

still ε ≪ 1. This results in

2ρeg ≃
e−i½ωct−i arctanð2εn̄Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4ε2n̄2
p : ðB4Þ

The visibility drops to zero and no frequency shift can be
observed as the temperature increases. However, for inter-
mediate temperatures or large trap frequencies such that
εn̄ ∼ 1, one can observe a frequency shift that deviates from
the usual SODS, Eq. (B3). In this regime, the effect of
thermal motion is to not simply cause a single time dilation
due to v2th, but rather an averaging of time dilations over
different samples from the thermal velocity distribution. Of
course observing such a shift would be challenging for a
noisy system, however it can be attained at moderately low
n̄ if ε ¼ ℏωωct=ð4mc2Þ ≃ 1=n̄.

Appendix C: Frequency shift and visibility loss in
clocks—We derive the reduced state of the clock which
captures its phase evolution and also loss of visibility
due to the entangling evolution (3). Assuming that we
have an arbitrary initial motional state ρm and the initial
state of a two-level clock jψ ci ¼ ðjgi þ jeiÞ= ffiffiffi

2
p

, we
begin with the joint initial state

ρ0 ¼ jψ cihψ cj ⊗ ρm: ðC1Þ

To evolve this state we will use the spectral
decomposition in the clock states of our unitary (3),

Û ¼ Ûgjgihgj þ Ûejeihej; ðC2Þ

where Ûg and Ûe act only on the motional state and are
given by

Ûg ¼ e−iωtðn̂þ1=2Þ; ðC3Þ

Ûe ¼ e−iωctSðζÞe−iλωtðn̂þ1=2ÞS†ðζÞ ðC4Þ

with λ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
1 − εc

p
. Evolving the initial state, Eq. (C1),

gives

ρðtÞ ¼ 1

2

�
Ûgjgi þ Ûejei

�
ρm

�
hgjÛ†

g þ hejÛ†
e

�
: ðC5Þ
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Now we can find the off-diagonal elements in the state
of the clock and take the partial trace with respect to the
motional state:

2ρeg ¼ 2Trm
�
hgjρðtÞjei

�
¼ Trm

�
ÛgρmÛ

†
e

�

¼
D
Û†

eÛg

E
; ðC6Þ

where the average is taken with respect to the arbitrary
initial motional state ρm. This expression captures both
the frequency shift and the visibility of the clock. Now
inserting our definitions from Eqs. (C3) and (C4),

2ρeg ¼ eiωct

�
SðζÞeiλωtðn̂þ1=2ÞS†ðζÞe−iωtðn̂þ1=2Þ

E

¼ eiωctþiωt
2
ðλ−1Þ

D
SðζÞS†ðζe2iλωtÞeiωtn̂ðλ−1Þ

E
: ðC7Þ

Note that if we neglect the squeezing operations and
work to leading order in εc, we have exactly the result
in Eq. (7) in the main text.
Now we can consider a case when ρm ¼ j0ih0j, which is

equivalent to Eq. (9) but with the inclusion of the additional
squeezing operations that arise from the proper time
evolution, and which we denoted by Ûc.m. in the main
text. Recall that ζ∈R, thus

2ρeg ¼ eiωctþiωt
2
ðλ−1Þh0jSðζÞS†ðζe2iλωtÞj0i

¼ eiωctþiωt
2
ðλ−1Þh−ζj − ζe2iλωti

¼ eiωctþiωt
2
ðλ−1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh2ðζÞ − e2iλωtsinh2ðζÞ
p ; ðC8Þ

where we used the analytic expression for the overlap
of two squeezed states of the form: hrjreiφi ¼
½cosh2ðrÞ − eiφsinh2ðrÞ�−1=2. The off-diagonal elements
of the reduced clock state in Eq. (C8) give all the
information on the phase and visibility of the clock,
through 2ρeg ¼ VðtÞeiφðtÞ. We now give their explicit
expressions to order Oðε2cÞ, as needed for the qSODS.
The visibility of the clock, V ¼ 2jρegj, is

V ¼ sech2ðζÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tanh4ðζÞ − 2tanh2ðζÞ cosð2λωtÞ4

p

≃ 1 −
ε2c
16

sin2ðωtÞ þOðε3cÞ: ðC9Þ

The phase evolution of the clock is given by

φðtÞ ¼ ωctþ
ωt
2
ðλ − 1Þ

−
1

2
arg

�
cosh2ðζÞ − e2iλωtsinh2ðζÞ

�

≃ ωct −
ωtεc
4

− ε2c

�
ωt
16

−
sinð2ωtÞ

32

�
þOðε3cÞ: ðC10Þ

Rewritten as a fractional frequency shift in analogy to
those stated in the main text, this becomes

Δν
ν

¼ −
εm
4
−
εmεc
16

þ ℏ2ν sinð2ωtÞ
32m2c4t

: ðC11Þ
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